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Abstract. In this paper, we consider a nonlinear critical problem involving the fractional Laplacian
operator arising in conformal geometry, namely the prescribed σ-curvature problem on the standard n-
sphere n ≥ 2. Under the assumption that the prescribed function is flat near its critical points, we give
precise estimates on the losses of the compactness and we provide existence results. In this first part, we
will focus on the case 1 < β ≤ n − 2σ, which was not included in the results of Jin, Li and Xiong [14]
and [15].
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1 Introduction and main results
Fractional calculus has attracted a lot of scientists during the last decades. This is es-
sentially due to its numerous applications in various domains: Medicine, modeling popu-
lations, biology, earthquakes, optics, signal processing, astrophysics, water waves, porous
media, nonlocal diffusion, image reconstruction problems; see [13] and references [1, 2, 6,
7, 13, 14, 19, 22, 25, 36, 38, 41, 43, 45, 46, 58] therein.
Many important properties of the Laplacian are not inherited, or are only partially
satisfied, by its fractional powers. This gave birth to many challenging and rich math-
ematical problems. However, the literature remained quite silent until the publication
of the breakthrough paper of Caffarelli and Silvester in 2007, [11]. This seminal work
has hugely contributed to unblock a lot of difficult problems and opened the way for the
resolution of many other ones. In this paper, we study another important fractional PDE
whose resolution also requires some novelties because of the nonlocal properties of the
∗E-mail addresses: wael hed@yahoo.fr ( W. Abdelhedi), Hichem.Chtioui@fss.rnu.tn (H. Chtioui)
and hichem.hajaiej@gmail.com.(H. Hajaiej).
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operator present in it. More precisely, we investigate the existence of solutions for the
following critical fractional nonlinear equation
Pσu = c(n, σ)Ku
n+2σ
n−2σ , u > 0, on Sn. (1.1)
where σ ∈ (0, 1), K is a positive function defined on (Sn, g),
Pσ =
Γ(B + 1
2
+ σ)
Γ(B + 1
2
− σ)
, B =
√
−∆g +
(n− 1
2
)2
,
Γ is the Gamma function, c(n, σ) = Γ(n
2
+ σ)/Γ(n
2
− σ), and ∆g is the Laplace-Beltrami
operator on (Sn, g). The operator Pσ can be seen more concretely on R
n using stereo-
graphic projection. The stereographic projection from Sn \ {N} to Rn is the inverse of
F : Rn → Sn \ {N} defined by
F (x) =
( 2x
1 + |x|2
,
|x|2 − 1
|x|2 + 1
)
where N is the north pole of Sn. For all f ∈ C∞(Sn), we have
(Pσ(f)) ◦ F =
( 2
1 + |x|2
)−(n+2σ)
2
(
−∆
)σ(( 2
1 + |x|2
)n−2σ
2
(f ◦ F )
)
(1.2)
where
(
−∆
)σ
is the fractional Laplacian operator (see, e.g., page 117 of [17]).
Problem (1.1) is heavily connected to the fractional order curvature, usually called
the σ-curvature. This challenging problem has been first addressed in [14] and [15]. In
these two seminal papers, the authors have been able to show the existence of solutions of
(1.1) and to derive some compactness properties. More precisely, thanks to a very subtle
approach based on approximation of the solutions of (1.1) by a blowing-up subcritical
method, they proved the existence of solutions for the critical fractional Nirenberg problem
(1.1), (see Theorem 1.1 and Theorem 1.2 of [14]). Their method is based on tricky
variational tools, in particular they have established many interesting fractional functional
inequalities. Their main hypothesis is the so-called flatness condition:
Let K : Sn → R, be a C2 positive function. We say that K satisfies a flatness condition
(f)β: if for each critical point y of K there exist (bi)i≤n ∈ R∗, such that in some geodesic
normal coordinate centered at y, we have
K(x) = K(y) +
n∑
i=1
bi|(x− y)i|
β +R(x− y), (1.3)
where bi = bi(y) ∈ R
∗,
∑n
i=1 bi 6= 0 and
∑[β]
s=0 |∇
sR(y)||y|−β−s = o(1) a y tends to zero.
Here ∇s denotes all possible derivatives of order s and [β] is the integer part of β.
However, they have only been able to handle the case n− 2σ < β < n in the flatness
hypothesis. This excludes some very interesting functions K. In fact, note that an
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important class of functions which is worth to include in any results of existence for (1.1)
are the Morse functions (C2 having only non-degenerate critical points). Such functions
can be written in the form (f)β with β = 2. Since Jin, Li and Xiong require n−2σ < β < n
(0 < σ < 1), their theorems do not apply to this relevant class of functions. Moreover,
they require some additional technical assumptions (K antipodally symmetric in Theorem
1.1 and K ∈ C1,1 positive in Theorem 1.2).
Motivated by the breakthrough papers [14] and [15] and aiming to include a larger
class of functions K in the existence results for (1.1), we develop in this paper a self-
contained approach which enables us to include all the plausible cases (1 < β < n). Our
method hinges on a readapted characterization of critical points at infinity techniques of
the proof are different for 1 < β ≤ n − 2σ and n − 2σ ≤ β < n. In this work, we will
handle the first case.
The spirit of this approach goes back to the work of Bahri [3] and Bahri-Coron [5].
Nevertheless, the nonlocal properties of the fractional Laplacian involve many additional
obstacles and require some novelties in the proof. Note that in [1], the two first authors
have given an existence result for n = 2, 0 < σ < 1, through an Euler-Hopf type for-
mula. In their paper, they assumed that K is a Morse function satisfying the following
non-degeneracy condition:
(nd) ∆K(y) 6= 0 whenever ∇K(y) = 0.
We point out that the criterium of [1] has an equivalent in dimension three (see [2]). How-
ever, the method cannot be generalized to higher dimensions n ≥ 4 under the condition
(nd), since the corresponding index-Counting-Criteria, when taking into account all the
critical points at infinity is always equal to 1.
Convinced that the non-degeneracy assumption would exclude some interesting class
of functions K, we opted for the flatness hypothesis used in [14] and [15]. But again,
in order to include all plausible cases (both 1 < β ≤ n − 2σ and n − 2σ ≤ β < n),
we need to develop a new line of attack with new ideas. This leads to an interesting
new phenomenon; that is the presence of multiple blow-up points. In fact, looking to
the possible formations of blow-up points, it turns out that the strong interaction of the
bubbles in the case where n − 2σ < β < n forces all blow-up points to be single, while
in the case where 1 < β < n − 2σ such an interaction of two bubbles is negligible with
respect to the self interaction, while if β = n− 2σ there is a phenomenon of balance that
is the interaction of two bubbles is of the same order with respect to the self interaction.
In order to state our results, we need the following notations and assumptions. Let
K = {y ∈ Sn,∇K(y) = 0}
K+ = {y ∈ K,−
∑n
k=1 bk(y) > 0}
i˜(y) = ♯
{
bk = bk(y), 1 ≤ k ≤ n such that bk < 0
}
.
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Kn−2σ =
{
y ∈ K, β = β(y) = n− 2σ
}
.
For each p-tuple, p ≥ 1 of distinct points τp := (yl1 , ..., ylp) ∈ (Kn−2σ)
p, we define a p×p
symmetric matrix M(τp) = (mij) by
mii =
n− 2σ
n
c˜1
−
∑n
k=1 bk
(
yli
)
K
(
yli
) n
2σ
, mij = 2
n−2σ
2 c1
−G
(
yli, ylj
)[
K
(
yli
)
K(ylj
)]n−2σ
4σ
, (1.4)
where
G(yli, ylj) =
1
(1− cos d(yli, ylj))
n−2σ
2
(1.5)
c1 =
∫
Rn
dx(
1 +
∣∣x∣∣2)n+2σ2 and c˜1 =
∫
R
n
|x1|
n−2(
1 + |x|2
)ndx.
Here x1 is the first component of x in some geodesic normal coordinates system. Let ρ(τp)
be the least eigenvalue of M
(
τp
)
.(
A1
)
Assume that ρ
(
τp
)
6= 0 for each distinct points y1, ..., yp ∈ Kn−2σ.
Now, we introduce the following sets:
C∞n−2σ :=
{
τp = (yl1, ..., ylp) ∈ (Kn−2σ)
p, p ≥ 1, s.t. yi 6= yj ∀i 6= j, and ρ(τp) > 0
}
,
C∞<(n−2σ) :=
{
τp = (yl1 , ..., ylp) ∈ (K
+\Kn−2σ)
p, p ≥ 1, s.t. yi 6= yj ∀i 6= j
}
.
For any τp = (yl1, ..., ylp) ∈ (K)
p, we denote i(τp)∞ = p− 1 +
p∑
j=1
[n − i˜ (ylj) ].
The main result of this paper is the following.
Theorem 1.1 Assume that K satisfies (A1) and (f)β, with 1 < β ≤ n− 2σ. If∑
τp ∈ C
∞
n−2σ
(−1)i(τp)∞ +
∑
τ ′p ∈ C
∞
<(n−2σ)
(−1)i(τ
′
p)∞
−
∑
(τp, τ
′
p) ∈ C
∞
n−2σ × C
∞
<(n−2σ)
(−1)i(τp)∞ + i(τ
′
p)∞ 6= 1,
then (1.1) has at least one solution.
In part 2, we will address the case n − 2σ ≤ β < n, following another approach and
recovering the main results of [14] and [15]. More precisely, we will prove:
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Theorem 1.2 Assume that K satisfies (A1) and (f)β, with n− 2σ ≤ β < n. If∑
y ∈ K+\Kn−2σ
(−1)i(y)∞+
∑
τp ∈ C
∞
n−2σ
(−1)i(τp)∞ 6= 1
then (1.1) has at least one solution.
We organize the remainder of our paper as follows. The second section is devoted to
recall some preliminary results ralated to the Caffarelli-Silvestre method (see [11]). In
section three, we characterize the critical points at infinity of the associated variational
problem. In the fourth section, we give the proof of the main results. The characterization
of critical points at infinity requires some technical results which for the convenience of
the reader, are given in the appendix.
2 Preliminary results
In this section, we recall some preliminary results ralated to the Caffarelli-Silvestre ex-
tension (see [11]), which provides a variational structure to the fractional problem.
We say that u ∈ Hσ(Sn) is a solution of (1.1) if the identity∫
Sn
Pσuϕdx = c(n, σ)
∫
Sn
Ku
n+2σ
n−2σϕdx, (2.1)
holds for all ϕ ∈ Hσ(Sn), where Hσ(Sn) = {u ∈ L2(Sn), ‖u‖2Hσ(Sn) ∈ L
2(Sn)}, equipped
with the norm,
‖u‖Hσ(Sn) =
(∫
Sn
Pσuu
)1/2
. (2.2)
We recall that the set of smooth functions C∞(Sn) is dense in Hσ(Sn). Observe also that
for u ∈ Hσ(Sn), we have u
n+2σ
n−2σ ∈ L
2n
n+2σ (Sn) →֒ H−σ(Sn).
We associate to problem (1.1), the functional
I(u) =
1
2
∫
Sn
uPσu−
n− 2σ
2n
∫
Sn
Ku
2n
n−2σ , (2.3)
defined in Hσ(Sn).
Motivated by the work of Caffarelli and Silvestre [11], several authors have considered
an equivalent definition of the operator Pσ by means of an auxiliary variable, see [11], (see
also [8], [9], [10], [12] and [16]). In fact, we handle problem (1.1), through a localization
method introduced by Caffarelli and Silvestre on the Euclidean space Rn, through which
(1.1) is connected to a degenerate elliptic differential equation in one dimension higher by
a Dirichlet to Neumann map. This provides a good variational structure to the problem.
By studying this problem with classical local techniques, we establish existence of positive
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solutions. Here the Sobolev trace embedding comes into play, and its critical exponent
2∗ = 2n
n−2σ .
Namely, let Dn = S
n × [0,∞). Given u ∈ Hσ(Sn), we define its harmonic extension
U = Eσ(u) to Dn as the solution to the problem{
−div(t1−2σ∇U) = 0 in Dn
U = u on Sn × {t = 0}.
(2.4)
The extension belongs to the space H1(Dn) defined as the completion of C
∞(Dn) with
the norm
‖U‖H1(Dn) =
(∫
Dn
t1−2σ|∇U |2dxdt
)1/2
. (2.5)
Observe that this extension is an isometry in the sense that
‖Eσ(u)‖H1(Dn) = ‖u‖Hσ(Sn), ∀u ∈ H
σ(Sn). (2.6)
Moreover, for any ϕ ∈ H1(Dn), we have the following trace inequality
‖ϕ‖H1(Dn) ≥ ‖ϕ(., 0)‖Hσ(Sn). (2.7)
The relevance of the extension function U = Eσ(u) is that it is related to the fractional
Laplacian of the original function u through the formula
− lim
t→0+
t1−2σ
∂U
∂t
(x, t) = Pσu(x). (2.8)
Thus, we can reformulate (1.1) to the followingdiv(t
1−2σ∇U(x, t)) = 0 and U > 0 in Dn
− lim
t→0+
t1−2σ
∂U
∂t
(x, t) = KU
n+2σ
n−2σ (x, 0) on Sn × {0}.
(2.9)
The functional associated to (2.9), is given by
I1(U) =
1
2
∫
Dn
t1−2σ|∇U |2dxdt−
n− 2σ
2n
∫
Sn
KU
2n
n−2σ dx, (2.10)
defined in H1(Dn).
Note that critical points of I1 in H
1(Dn) correspond to critical points of I in H
σ(Sn).
That is, if U satisfies (2.9), then the trace u on Sn×0 of the function U will be a solution
of problem (1.1). Let also define the functional
J(U) =
‖U‖2H1(Dn)(∫
Sn
KU
2n
n−2σ dx
)n−2σ
n
, (2.11)
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defined on Σ the unit sphere of H1(Dn). We set, Σ
+ = {U ∈ Σ/ U ≥ 0}. Problem
(1.1) will be reduced to finding the critical points of J under the constraint U ∈ Σ+.
The exponent 2n
n−2σ is critical for the Sobolev trace embedding H
1(Dn) → L
q(Sn). This
embedding is continuous and not compact. The functional J does not satisfy the Palais-
Smale condition, which leads to the failure of the standard critical point theory. This
means that there exists a sequence (un) belonging to the constraint such that J(un) is
bounded, its gradient goes to zero and does not converge. The analysis of sequences failing
PS condition can be analyzed along the ideas introduced in [5] and [18].
In order to describe such a characterization in our case, we need to introduce some
notations.
For a ∈ ∂Rn+1+ and λ > 0, define the function:
δ˜a,λ(x) = c¯
λ
n−2σ
2(
(1 + λxn+1)2 + λ2|x′ − a′|2
)n−2σ
2
where x ∈ Rn+1+ , and c¯ is chosen such that δ˜a,λ satisfies the following equation, ∆U = 0 and u > 0 in R
n+1
+
−
∂U
∂xn+1
= u
n+2σ
n−2σ on ∂Rn+1+ .
Set
δa,λ = i
−1(δ˜a,λ).
where i is an isometry from H1(Dn) to D1,2(Rn+1+ ).
In the sequel, we will identify δa,λ and its composition with i. We will also identify the
function u and its extension U . These facts will be assumed as understood in the sequel.
For ε > 0, p ∈ N∗, we define
V (p, ε) =

u ∈ Σ s. t ∃a1, . . . , ap ∈ S
n, ∃α1, . . . , αp > 0 and
∃λ1, . . . , λp > ε
−1 with
∥∥∥u− p∑
i=1
αiδai,λi
∥∥∥ < ε, εij < ε ∀ i 6= j,
and
∣∣∣J(u) nn−2σα 2n−2σi K(ai)− 1∣∣∣ < ε ∀i, j = 1, . . . , p,
where
εij =
(
λi
λj
+
λj
λi
+ λiλj|ai − aj |
2
) 2σ−n
2
.
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3 Characterization of the critical points at infinity
for 1 < β ≤ n− 2σ
This section is devoted to the characterization of the critical points at infinity in V (p, ε), p ≥
1, under β-flatness condition with 1 < β ≤ n − 2σ. This characterization is obtained
through the construction of a suitable pseudo-gradient at infinity for which the Palais-
Smale condition is satisfied along the decreasing flow-lines as long as these flow-lines do
not enter in the neighborhood of finite number of critical points yi, i = 1, ..., p of K such
that
(y1, ..., yp) ∈ P
∞ := C∞<(n−2σ) ∪ C
∞
n−2σ ∪ C
∞
<(n−2σ) × C
∞
n−2σ.
More precisely we have:
Theorem 3.1 Assume that K satisfies (A1) and (f)β, 1 < β ≤ n− 2σ.
Let β := max{β(y)/y ∈ K}. For p ≥ 1, there exists a pseudo-gradient W in V (p, ε) so
that the following holds.
There exist a constant c > 0 independent of u =
p∑
i=1
αiδi ∈ V (p, ε) such that
(i)
〈
∂J(u),W (u)
〉
≤ −c
( p∑
i=1
1
λβi
+
p∑
i=1
| ∇K(ai) |
λi
+
∑
j 6=i
εij
)
.
(ii)
〈
∂J(u + v),W (u) +
∂v
∂(αi, ai, λi)
(W (u))
〉
≤ −c
( p∑
i=1
1
λβi
+
p∑
i=1
| ∇K(ai) |
λi
+
∑
j 6=i
εij
)
.
Furthermore |W | is bounded and the only case where the maximum of the λi’s is not
bounded is when ai ∈ B(yli, ρ) with yli ∈ K, ∀i = 1, ..., p, (yl1, ..., ylp) ∈ P
∞.
In order to prove Theorem 3.1, we state the following two results which deal with two
specific cases of Theorem 3.1. Let,
V1(p, ε) =
{
u =
p∑
i=1
αiδi ∈ V (p, ε) s.t , ai ∈ B(yli, ρ), yli ∈ K \ Kn−2σ ∀i = 1, ..., p
}
.
V2(p, ε) =
{
u =
p∑
i=1
αiδi ∈ V (p, ε) s.t , ai ∈ B(yli, ρ), yli ∈ Kn−2σ, ∀i = 1, ..., p
}
.
We then have:
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Proposition 3.2 For p ≥ 1, there exist a pseudo-gradient W1 in V1(p, ε) such that the
following holds:
Theres exist c > 0 independent of u =
p∑
i=1
αiδi ∈ V1(p, ε) such that
〈
∂J(u),W1(u)
〉
≤ −c
( p∑
i=1
1
λβi
+
∑
i 6=j
εij +
p∑
i=1
|∇K(ai)|
λi
)
.
Furthermore |W1| is bounded in H
1(Dn) and the only case where the maximum of the λi’s
is not bounded is when ai ∈ B (yli , ρ) with yli ∈ K
+, ∀i = 1, ..., p, with (yl1, ..., ylp) ∈
C∞<n−2σ.
Proposition 3.3 For p ≥ 1 there exists a pseudo-gradient W2 in V2(p, ε) such that ∀u =
p∑
i=1
αiδi ∈ V2(p, ε), we have
〈
∂J(u),W2(u)
〉
≤ −c
( p∑
i=1
1
λn−2i
+
∑
i 6=j
εij +
p∑
i=1
|∇K(ai)|
λi
)
.
Where c is a positive constant independent of u. Furthermore, we have |W2| is bounded
and the only case where the maximum of λ′is is not bounded is when ai ∈ B(yli, ρ) , yli ∈
K+, ∀ i = 1, ..., p, with (yl1 , ..., ylp) ∈ C
∞
n−2σ
In our construction of the pseudogradien W , we will use the following notations.
Let u =
p∑
i=1
αiδi ∈ V (p, ε), such that ai ∈ B(yli, ρ), yli ∈ K, ∀i = 1, ..., p.
For simplicity, if ai is close to a critical point yli, we will assume that the critical point is
at the origin, so we will confuse ai with (ai − yli). Now, let i ∈ {1, ..., p} and let M1 be a
positive large constant. We will say that
i ∈ L1 if λi|ai| ≤M1
and we will say that
i ∈ L2 if λi|ai| > M1.
For each i ∈ {1, ..., p}, we define the following vector fields:
Zi(u) = αiλi
∂δi
∂λi
(3.1)
Xi = αi
n∑
k=1
1
λi
∂δi
∂(ai)k
∫
Rn
bk
|xk + λi(ai)k|
β
(1 + λi|(ai)k|)β−1
xk
(1 + |x|2)n+1
dx, (3.2)
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where (ai)k is the k
th component of ai in some geodesic normal coordinates system.
We claim that Xi is bounded. Indeed, the claim is trivial if i ∈ L1. If i ∈ L2, by
elementary computation, we have the following estimate:
∫
R
n
∣∣xk + λi(ai)k∣∣βxk
(1 + |x|2)n+1
dx = (λi|(ai)k|)
β
∫
R
n
∣∣1 + xk
λi((ai)k)
∣∣β xk
(1+ | x |2)n+1
dx
= c(signλi(ai)k)(λi|(ai)k|)
β−1(1 + o(1)), (3.3)
for any k, 1 ≤ k ≤ n such that λi|(ai)k| >
M1√
n
. Hence our claim is valid.
Let ki be an index such that
|(ai)ki| = max
1≤j≤n
|(ai)j |. (3.4)
It easy to see that if i ∈ L2 then λi|(ai)ki| >
M1√
n
.
Proof of Theorem 3.1 In order to complete the construction of the pseudo-gradient
W suggested in Theorem 3.1, it only remains (using proposition 3.3 and 3.2) to focus
attention at the two following subsets of V (p, ε).
Subset 1. We consider here the case of u =
p∑
i=1
αiδi =
∑
i∈I1
αiδi +
∑
i∈I2
αiδi such that
I1 6= ∅, I2 6= ∅,
∑
i∈I1
αiδi ∈ V1(♯I1, ε) and
∑
i∈I2
αiδi ∈ V2(♯I2, ε).
Without loss of generality, we can assume that λ1 ≤ · · · ≤ λp. We distinguish three cases.
case 1. u1 :=
∑
i∈I1
αiδi 6∈ V
1
1 (♯I1, ε) = {u =
♯I1∑
j=1
αjδj , aj ∈ B(ylj , ρ), ylj ∈ K
+ ∀ j =
1, ..., ♯I1 and ylj 6= ylk∀j 6= k}.
Let W˜1 be the pseudo-gradient on V (p, ε) defined by W˜1(u) = W1(u1), where W1 is the
vector filed defined by proposition 3.2 in V1(♯I1, ε). Note that if u1 6∈ V
1
1 (♯I1, ε), then
the pseudo-gradient W1(u1) does not increase the maximum of the λi’s, i ∈ I1. Using
proposition 3.2, we have
〈
∂J(u), W˜1(u)
〉
≤ −c
(∑
i∈I1
1
λβii
+
∑
j 6=i,i,j∈I1
εij +
∑
i∈I1
|∇K(ai)|
λi
)
+O
( ∑
i∈I1,j∈I2
εij
)
.(3.5)
An easy calculation implies that
εij = o
(
1
λβii
)
+ o
(
1
λ
βj
j
)
, ∀ i ∈ I1 and ∀ j ∈ I2. (3.6)
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Fix i0 ∈ I1, we denote by
J1 = {i ∈ I2, s.t, λ
n−2
i ≥
1
2
λ
βi0
i0
} and J2 = I2 \ J1.
Using (3.5) and (3.6), we find that〈
∂J(u), W˜1(u)
〉
≤ −c
( ∑
i∈I1∪J1
1
λβii
+
∑
i∈I1
|∇K(ai)|
λi
+
∑
j 6=i∈I1
εij
)
+o
( p∑
i=1
1
λβii
)
.(3.7)
From another part, by Lemma 3.4 we have〈
∂J(u),
∑
i∈J1
−2iZi(u)
〉
≤ c
∑
j 6=i ,i∈J1
2iλi
∂εij
∂λi
+O
(∑
i∈J1
1
λβii
)
+O
( ∑
i∈J1∩L2
|(ai − yli)ki|
βi−2
λ2i
)
.(3.8)
Observe that for i < j, we have
2iλi
∂εij
∂λi
+ 2jλj
∂εij
∂λj
≤ −c εij. (3.9)
In addition for i ∈ J1 and j ∈ J2 we have λj ≤ λi, so by (3.18) we obtain λi
∂εij
∂λi
≤ −c εij.
These estimates yield〈
∂J(u),
∑
i∈J1
−2iZi(u)
〉
≤ −c
∑
j 6=i ,i∈J1, j∈J1∪J2
εij +O
(∑
i∈J1
1
λβii
)
+ O
( ∑
i∈J1∩L2
|(ai − yli)ki|
βi−2
λ2i
)
+O
( ∑
i∈J1, j∈I1
εij
)
.
Let m1 > 0 small enough, using Lemma 3.5 (3.21) and (3.16) we get〈
∂J(u),
∑
i∈J1
−2iZi(u) +m1
∑
i∈J1∩L2
Xi(u)
〉
≤ −c
( ∑
j 6=i ,i∈J1, j∈J1∪J2
εij +
∑
i∈J1
|∇K(ai)|
λi
)
+ O
(∑
i∈J1
1
λβii
)
+ o
( p∑
i=1
1
λβii
)
,
and by (3.7) we obtain
〈
∂J(u), W˜1(u) +m1
(∑
i∈J1
−2iZi(u) +m1
∑
i∈J1∩L2
Xi(u)
)〉
≤ −c
( ∑
i∈I1∪J1
1
λβii
+
∑
i 6=j∈I1
εij +
∑
j 6=i ,i∈J1, j∈J1∪J2
εij
∑
i∈I1∪J1
|∇K(ai)|
λi
)
+ o
( p∑
i=1
1
λβii
)
.(3.10)
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We need to add the remainder indices i ∈ J2. Note that u˜ :=
∑
j∈J2
αjδj ∈ V2(♯J2, ε). Thus
using proposition 3.3, we apply the associated vector field which we will denote W˜2. We
then have the following estimate〈
∂J(u), W˜2(u)
〉
≤ −c
(∑
j∈J2
1
λ
βj
j
+
∑
i 6=j, i,j∈J2
εij +
∑
j∈J2
|∇K(aj)|
λj
)
(3.11)
+ O
( ∑
j∈J2, i∈J1
εij
)
+ o
( p∑
i=1
1
λβii
)
,
since |ai − aj | ≥ ρ for j ∈ J2 and i ∈ I1.
In this case W = W˜1 +m1
(
W˜2 +
∑
i∈J1
−2iZi +m1
∑
i∈J1∩L2
Xi
)
.
From (3.10) and (3.11) we obtain〈
∂J(u),W (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
case 2. u1 :=
∑
i∈I1
αiδi ∈ V
1
1 (♯I1, ε) and u2 :=
∑
i 6∈I2
αiδi 6∈ V
1
2 (♯I2, ε) := {u =
♯I2∑
j=1
αjδj , aj ∈
B(ylj , ρ), ylj ∈ K
+, ∀j = 1, ..., ♯I2 and ρ(yl1, ..., y♯I2) > 0}.
Since u2 ∈ V2(♯I2, ε), by proposition 3.3, we can apply the associated vector field which
we will denote V1. We get〈
∂J(u), V1(u)
〉
≤ −c
(∑
i∈I2
1
λβii
+
∑
i∈I2
|∇K(ai)|
λi
+
∑
i 6=j, i,j∈I2
εij
)
+O
( ∑
i∈I2, j∈I1
εij
)
.(3.12)
Observe that V1(u) does not increase the maximum of the λi’s, i ∈ I2, since u2 6∈ V
1
2 (♯I2, ε).
Fix i0 ∈ I2 and let
J˜1 = {i ∈ I1, s.t, λ
βi
i ≥
1
2
λn−2i0 } and J˜2 = I1 \ J˜1.
Using (3.12) and (3.6), we get〈
∂J(u), V1(u)
〉
≤ −c
( ∑
i∈I2∪J˜1
1
λβii
+
∑
i∈I2
|∇K(ai)|
λi
+
∑
i 6=j, i,j∈I2
εij
)
+ o
( p∑
i=1
1
λβii
)
.(3.13)
We need to add the indices i, i ∈ J˜2. Let u˜ :=
∑
j∈J˜2
αjδj , since u˜ ∈ V1(♯J˜2, ε), we can
apply the associated vector field giving by proposition 3.3. Let V2 this vector field. By
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proposition 3.2 we have〈
∂J(u), V2(u)
〉
≤ −c
(∑
j∈J˜2
1
λ
βj
j
+
∑
j∈J˜2
|∇K(aj)|
λj
+
∑
i 6=j, i,j∈J˜2
εij
)
+O
( ∑
j∈J˜2, i 6∈J˜2
εij
)
.
Observe that I1 = J˜1∪ J˜2 and we are in the case where ∀ i 6= j ∈ I1, we have |ai−aj | ≥ ρ.
Thus by (3.16) and (3.6), we get
O
( ∑
j∈J˜2,i 6∈J˜2
εij
)
= o
( p∑
i=1
1
λβii
)
,
and hence〈
∂J(u), V1(u) + V2(u)
〉
≤ −c
( p∑
i=1
1
λβii
+
∑
i∈I2∪J˜2
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Let in this case W = V1 + V2 +m1
∑
i∈J˜1
Xi(u), m1 small enough.
Using the above estimate and Lemma 3.5, we find that〈
∂J(u),W (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
case 3. u1 ∈ V
1
1 (♯I1, ε) and u2 ∈ V
1
2 (♯I2, ε).
Let V˜1 (respectively V˜2) be the pseudo-gradient in V (p, ε) defined by V˜1(u) = W1(u1)
(respectively V˜2(u) = W2(u2)) where W1 (respectively W2) is the vector field defined by
proposition 3.2 (respectively 3.3) in V 11 (♯I1, ε) (respectively V
1
2 (♯I2, ε)) and let in this case
W = V˜1 + V˜2.
Using proposition 3.3, proposition 3.2 and (3.6) we get〈
∂J(u),W (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Notice that in the first and second cases, the maximum of the λi’s, 1 ≤ i ≤ p is a bounded
function and hence the Palais-Smail condition is satisfied along the flow-lines ofW . How-
ever in the third case all the λi’s, 1 ≤ i ≤ p, will increase and goes to +∞ along the
flow-lines generated by W .
Subset 2. We consider the case of u =
p∑
i=1
αiδi ∈ V (p, ε), such that there exist ai satisfying
ai /∈ ∪y∈KB(y, ρ). We order the λis in an increasing order, without loss of generality, we
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suppose that λ1 ≤ · · · ≤ λp. Let i1 be such that for any i < i1, we have ai ∈ B(yℓi, ρ), yℓi ∈
K and ai1 /∈ ∪y∈KB(y, ρ). Let us define
u1 =
∑
i<i1
αiδi.
Observe that u1 has to satisfy one of three cases above that is u ∈ V1(i1 − 1, ε) or
u1 ∈ V2(i1−1, ε) or u1 satisfies the condition of subset 1. Thus we can apply the associated
vector field which we will denote by Y and we have then the following estimate.
〈
∂J(u), Y (u)
〉
≤ −c
(∑
i<i1
1
λβii
+
∑
i<i1
|∇K(ai)|
λi
+
∑
i 6=j,ij<i1
εij
)
+O
( ∑
i<i1,j≥i1
εij
)
.
Now we define the following vector field
Y ′ =
1
λi1
∂δi1
∂ai1
∇K(ai1)
|∇K(ai1)|
− c′
∑
i≥i1
2iZi.
Using Propositions 3.3, 3.2 and the fact that |∇K(ai1)| ≥ c > 0, we derive〈
∂J(u), Y ′(u)
〉
≤ −c
1
λi1
+O
(∑
i 6=i1
εij
)
−c′
∑
j 6=i,i≥i1
εij + o
(∑
i≥i1
1
λi
)
.
Taking c′ positive large enough, we find
〈
∂J(u), Y ′(u)
〉
≤ −c
( p∑
i=i1
1
λβii
+
p∑
i=i1
|∇K(ai)|
λi
+
∑
i 6=j,i≥i1
εij
)
.
Now, let W := Y ′ +m1Y where m1 is a small positive constant, then we have〈
∂J(u),W (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Finally, observe that our pseudo-gradient W in V (p, ε) satisfies claim (i) of Theorem 3.1
and it is bounded, since ||λi
∂δ(ai,λi )
∂λi
|| and ||
1
λi
∂δ(ai,λi )
∂ai
|| are bounded. From the definition
of W , the λi’s, 1 ≤ i ≤ p decrease along the flow-lines of W as long as these flow-lines do
not enter in the neighborhood of finite number of critical points yli, i = 1, ..., p, of K such
that (yl1, ..., ylp) ∈ P
∞.
Now, arguing as in Appendix 2 of [4], claim (ii) of Theorem 3.3 follows from (i) and
proposition A.3. This complete the proof of Theorem 3.1.
Proof of Proposition 3.2. In our construction of the pseudo gradient W1, we need the
following lemmas:
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Lemma 3.4 Let u =
p∑
i=1
αiδi ∈ V (p, ε), such that ai ∈ B(yli , ρ), yli ∈ K, ∀ i = 1, ..., p.
We then have
< ∂J(u), Zi(u) > = −2c2J(u)
∑
j 6=i
αiαj
∂εij
∂λi
+O
(
1
λβii
)
+
[
O
(
|(a
i
− yli)ki |
βi−2
λ2i
)
, if i ∈ L2
]
+ o
(∑
j 6=i
εij
)
+ o
( p∑
j=1
1
λ
βj
j
)
,
where ki is defined in (3.4).
Proof. Observe that for k ∈ {1, ..., n}, if λi|(ai − yli)k| >
M1√
n
, we have
∫
R
n
∣∣xk + λi(ai − yli)k∣∣βi−1xk
(1 + |x|2)n
dx = O
(
(λi|(ai − yli)k|)
βi−2
)
, (3.14)
taking M1 large enough. If not, we have∫
R
n
∣∣xk + λi(ai − yli)k∣∣βi−1|xk|
(1 + |x|2)n
dx = O(1).
Using the fact that ki defined in (3.4) satisfies λi|(ai − yli)ki| >
M1√
n
, if i ∈ L2, Lemma 3.4
follows from Proposition A.1
Lemma 3.5 For u =
p∑
i=1
αiδi ∈ V (p, ε), such that ai ∈ B(yli , ρ), yli ∈ K, ∀ i = 1, ..., p,
we have
< ∂J(u), Xi(u) > ≤ O
(∑
j 6=i
1
λi
|
∂εij
∂ai
|
)
+O
[(
1
λβii
)
, if i ∈ L1
]
+
[
− c
(
1
λβii
+
|(a
i
− yli)ki |
βi−1
λi
)
, if i ∈ L2
]
+ o
( p∑
j=1
1
λ
βj
j
)
,
where ki is defined in (3.4).
Proof. Using proposition A.2, we have
< ∂J(u), Xi(u) > ≤ −c
1
λi
βi
(∫
R
n
bki
|xk + λi(ai − yl
i
)ki|
βi
(1 + λi|(ai − yli)ki|)
(βi−1)/2
xki
(1 + |x|2)n+1
dx
)2
+ O
(∑
j 6=i
1
λi
|
∂εij
∂ai
|
)
+ o
( p∑
j=1
1
λ
βj
j
)
. (3.15)
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Using (3.3) and the fact that λi|(ai − yli)ki| >
M1√
n
, if i ∈ L2, lemma 3.5 follows.
In order to construct the required pseudo-gradient, we have to divide the set V1(p, ε)
in four different regions, to construct an appropriate pseudo-gradient in each region and
then glue up through convex combinations. Let
V 11 (p, ε) :=
{
u =
p∑
i=1
αiδ(aiλi) ∈ V1(p, ε), yli 6= ylj , ∀i 6= j, −
n∑
k=1
bk(yli) > 0, and λi|ai −
yli| < δ, ∀i = 1, ..., p
}
.
V 21 (p, ε) :=
{
u =
p∑
i=1
αiδ(aiλi) ∈ V1(p, ε), yli 6= ylj , ∀i 6= j, λi|ai − yli| < δ, ∀i =
1, .., p and there exist ∃ i1, ..., iq
such that −
n∑
k=1
bk(ylij ) < 0, ∀j = 1, ..., q
}
.
V 31 (p, ε) :=
{
u =
p∑
i=1
αiδ(aiλi) ∈ V1(p, ε), yli 6= ylj , ∀i 6= j, and there exist j (at least), s, t, λj|aj−
ylj | ≥
δ
2
}
.
V 41 (p, ε) :=
{
u =
p∑
i=1
αiδ(aiλi) ∈ V1(p, ε), such that there exist i 6= j satisfying yli = ylj
}
.
Pseudo-gradient in V 11 (p, ε). Let u =
p∑
i=1
αiδi ∈ V
1
1 (p, ε). For any i 6= j, we have |ai−aj | >
ρ, therefore
εij = O
(
1
(λiλj)
n−2σ
2
)
= o
(
1
λβii
)
+ o
(
1
λ
βj
j
)
, (3.16)
since βi, βj < n− 2σ. Let W
1
1 (u) =
p∑
i=1
Zi(u), using the fact that
|∇K(ai)|
λi
is small with
respect to
1
λi
β
, we obtain from Proposition A.1
〈
∂J(u),W 11 (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Pseudo-gradient in V 21 (p, ε). Let u =
p∑
i=1
αiδi ∈ V
2
1 (p, ε). Without loss of generality, we
can assume that 1, ..., q are the indices which satisfy −
∑n
k=1 bk(yli) < 0, ∀i = 1, ..., q. Let
I =
{
i = 1, ..., p s.t λβii ≤
1
10
min
1≤j≤q
λ
βj
j
}
.
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In this region we define W 21 (u) =
q∑
i=1
(−Zi)(u)+
∑
i∈I
Zi(u). Using similar calculation than
[7], we obtain 〈
∂J(u),W 21 (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Pseudo-gradient in V 31 (p, ε). Let u =
p∑
i=1
αiδi ∈ V
3
1 (p, ε). Without loss of generality, we
can assume that λβ11 = min{λ
βj
j s.t λj|aj − ylj | ≥ δ}. Let J :=
{
i, 1 ≤ i ≤ p s.t λβii ≥
1
2
λβ11
}
. Observe that if i /∈ J we have λi|ai − yli| ≥ δ. We write u as follows u =∑
i∈JC
αiδi +
∑
i∈J
αiδi = u1 + u2. Observe that u1 has to satisfy one of two above cases that
is u1 ∈ V
1
1 (♯J
C , ε) or u1 ∈ V
2
1 (♯J
C , ε). Let W˜ be a pseudo-gradient on V 31 (p, ε) defined
by W˜ (u) =W 11 (u1), if u1 ∈ V
1
1 (♯J
C , ε) or W˜ (u) =W 21 (u1), if u1 ∈ V
2
1 (♯J
C , ε). Let in this
region W 31 (u) = W˜ (u) +X1(u) +
∑
i∈J∩L2
Xi(u)−M1Z1(u). By Propositions A.1 and A.2,
we have 〈
∂J(u),W 31 (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Pseudo-gradient in V 41 (p, ε). We study now the case of u=
p∑
i=1
αiδi ∈ V
4
1 (p, ε). Let, Bk =
{j, 1 ≤ j ≤ p s.t aj ∈ B(ylk , ρ)}. In this case, there is at least one Bk which contains at
least two indices. Without loss of generality, we can assume that 1, ..., q are the indices
such that the set Bk, 1 ≤ k ≤ q contains at least two indices. We will decrease the λi’s
for i ∈ Bk with different speed. For this purpose, let
χ : R −→ R+
t 7−→
{
0 if |t| ≤ γ˜
1 if |t| ≥ 1.
Here γ˜ is a small constant. For j ∈ Bk, set χ (λj) =
∑
i 6=j, i∈Bk
χ
(λj
λi
)
. Let, I1 =
{
i, 1 ≤
i ≤ p, λi|ai − yli| ≥ δ
}
.
We distinguish two cases:
case 1. I1 6= ∅, let in this case
J =
{
j, 1 ≤ j ≤ p, s.t, λ
βj
j ≥
1
2
min
i∈I1
λβii
}
.
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Observe that, if ai ∈ B( yli , ρ ), we have |∇K(ai)| ∼
∑n
k=1 |bk||(ai − yli)k|
βi−1. So, if
i ∈ L1 we have
|∇K(ai)|
λi
≤
c
λβii
, and if i ∈ L2 we have
|∇K(ai)|
λi
≤ c
|(ai − yli)k|
βi−1
λi
.
Thus by lemma 3.5 we obtain〈
∂J(u),
∑
i∈I1
Xi(u)
〉
≤ −cδ
(∑
i∈J
1
λβii
+
∑
i∈J
|∇K(ai)|
λi
+
∑
i∈I1∩L2
|(ai − yli)|
βi−1
λi
)
+ O
( ∑
i 6=j, i∈I1
∣∣∣ 1
λi
∂εij
∂ai
∣∣∣)+ o( p∑
i=1
1
λβii
)
.
Let C˜ =
{
(i, j) s.t γ ≤ λi
λj
≤ 1
γ
}
, where γ is a small positive constant. Observe that∣∣∣ 1
λi
∂εij
∂ai
∣∣∣ = o(εij), ∀ i 6= j ∈ C˜.
This with (3.3) yields〈
∂J(u),
∑
i∈I1
Xi(u)
〉
≤ −cδ
(∑
i∈J
1
λβii
+
∑
i∈J
|∇K(ai)|
λi
+
∑
i∈I1∩L2
|(ai − yli)|
βi−1
λi
)
(3.17)
+ o
( q∑
k=1
∑
i 6=j∈Bk∩C˜, i∈I1
εij
)
+O
( q∑
k=1
∑
i 6=j∈Bk,(i,j)6∈C˜, i∈I1
εij
)
+ o
( p∑
i=1
1
λβii
)
.
For any k = 1, ..., q, let λik = min{λi, i ∈ Bk}. Define
Z = −
q∑
k=1
∑
j∈Bk,(ik ,j)/∈C˜
χ(λj)Zj − γ1
q∑
k=1
∑
j∈Bk,(ik,j)∈C˜
χ(λj)Zj,
where γ1 is a small positive constant. Using Lemma 3.4, we find that〈
∂J(u), Z(u)
〉
≤ c
q∑
k=1
∑
i 6=j,j∈Bk,(j,ik)6∈C˜
χ (λj)λj
∂εij
∂λj
+ cγ1
q∑
k=1
∑
j∈Bk,(j,ik)∈C˜,i 6=j
χ (λj)
× λj
∂εij
∂λj
+O
( q∑
k=1
∑
j∈Bk,(j,ik)6∈C˜
(
1
λ
βj
j
+
|(aj − ylj)|
βj−2
λ2j
, if j ∈ L2
))
+ γ1O
( q∑
k=1
∑
j∈Bk,(j,ik)∈C˜
(
1
λ
βj
j
+
|(aj − ylj)|
βj−2
λ2j
, if j ∈ L2
))
.
Observe that by using a direct calculation, we have
λi
∂εij
∂λi
≤ −c εij, if λi ≥ λj or λi ∼ λj or |ai − aj | ≥ δ0 > 0. (3.18)
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Let j ∈ Bk, 1 ≤ k ≤ q and let i, 1 ≤ i ≤ p such that i 6= j. If i 6∈ Bk or i ∈ Bk, with
(i, j) ∈ C˜, then we have by (3.18)
λi
∂εij
∂λi
≤ −c εij and λj
∂εij
∂λj
≤ −c εij.
In the case where i ∈ Bk with (i, j) 6∈ C˜, (assuming that λi << λj), we have χ(λj) −
χ(λi) ≥ 1. Thus,
χ (λj) λj
∂εij
∂λj
+ χ (λi) λi
∂εij
∂λi
≤ λj
∂εij
∂λj
≤ −c εij .
We therefore have〈
∂J(u), Z(u)
〉
≤ −c
( q∑
k=1
∑
i 6=j,j∈Bk,(j,ik)6∈C˜
εij + γ1
q∑
k=1
∑
i 6=j,j∈Bk,(j,ik)∈C˜
εij
)
+ O
( q∑
k=1
∑
j∈Bk,(j,ik)6∈C˜
(
1
λ
βj
j
+
|(aj − ylj )|
βj−2
λ2j
, if j ∈ L2
))
+ γ1O
( q∑
k=1
∑
j∈Bk,(j,ik)∈C˜
(
1
λ
βj
j
+
|(aj − ylj )|
βj−2
λ2j
, if j ∈ L2
))
.(3.19)
Observe that if j ∈ Bk with (j, ik) ∈ C˜, we have j or ik ∈ I1. Thus for M1 large enough,
and γ1 very small, we obtain from (3.17) and (3.19)〈
∂J(u),
∑
i∈I1
Xi +M1Z(u)
〉
≤ −c
(∑
i∈J
1
λβii
+
∑
i∈J
|∇K(ai)|
λi
+
q∑
k=1
∑
i 6=j,j∈Bk
εij
)
+ O
( q∑
k=1
∑
j∈Bk,(ik,j)/∈C˜
1
λ
βj
j
)
, (3.20)
since
|(ai − yli)ki |
βi−2
λ2i
= o
( |(ai − yli)ki|βi−1
λi
)
, for any i ∈ L2, as M1 large enough.
(3.21)
Now, let in this region
W 41 :=M1
(∑
i∈I1
Xi +M1Z
)
+
∑
i/∈J
(−
n∑
k=1
bk)Zi.
We obtain from the above estimates〈
∂J(u),W 41 (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
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case 2. I1 = ∅, we order the λi’s in an increasing order, for sake of simplicity, we can
assume that λ1 ≤ ... ≤ λp. Let
I2 = {1} ∪ {i, 1 ≤ i ≤ p s.t λi ∼ λ1}.
We write u as follows
u =
∑
i∈I2
αiδi +
∑
i/∈I2
αiδi := u1 + u2.
Observe that, ∀i 6= j ∈ I2 such that i 6= j we have |ai−aj | ≥ δ. Indeed, if |ai−aj | < δ, so
i, j ∈ Bk, we get |ai−aj | ≤ |ai− yli |+ |aj − yli | ≤
2δ
λi
, since I1 = ∅ and λi ∼ λj ∀ i, j ∈ I2.
This implies that (
λi
λj
+
λj
λi
+ λiλj|ai − aj |
2
)n−2σ
2
≤ c1,
and hence εij ≥ c which is a contradiction. Thus u1 ∈ V
j
1 (♯I2, ε), j = 1 or 2 or 3. Apply
the associated pseudo-gradient denoted by W , we obtain〈
∂J(u),W (u)
〉
≤ −c
(∑
i∈I2
1
λβii
+
∑
i∈I2
|∇K(ai)|
λi
+
∑
i 6=j, i,j∈I2
εij
)
+O
( ∑
i∈I2,j /∈I2
εij
)
.
Let, J2 = {i, 1 ≤ i ≤ p, λ
βi
i ≥ min
j∈I2
λ
βj
j }.
We can add to the above estimates all indices i such that i ∈ J2. So using the estimate
(3.16) we obtain〈
∂J(u),W (u)
〉
− c
(∑
i∈J2
1
λβii
+
∑
i∈J2
|∇K(ai)|
λi
+
∑
i 6=j, i,j∈I2
εij
)
+o
( p∑
i=1
1
λβii
)
+O
( ∑
i∈I2,j /∈I2,i,j∈Bk
εij
)
.
Let M1 > 0 large enough, the above estimate and (3.19) yields〈
∂J(u),M1Z(u) +W (u)
〉
≤ −c
(∑
i∈J2
1
λβii
+
∑
i∈J2
|∇K(ai)|
λi
+
q∑
k=1
∑
i 6=j∈Bk
εij
+
∑
i 6=j, i,j∈I2
εij
)
+O
( q∑
k=1
∑
i∈Bk,(ik ,i)/∈C˜
1
λβii
)
. (3.22)
From another part, by (iii) of proposition 3.3 and (3.16), we have〈
∂J(u),
∑
i/∈J2
(−
n∑
k=1
bk)Zi(u)
〉
≤ −c
(∑
i/∈J2
1
λβii
+
∑
i/∈J2
|∇K(ai)|
λi
)
(3.23)
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+O
( q∑
k=1
∑
i 6=j∈Bk, i/∈J2
εij
)
+ o
( p∑
i=1
1
λβii
)
.
Define W 41 (u) = M1
(
M1Z(u)+W (u)
)
+
∑
i/∈J2
(−
n∑
k=1
bk)Zi(u).
Using (3.23), we get〈
∂J(u),W 41 (u)
〉
≤ −c
( p∑
i=1
1
λβii
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
,
since
1
λβii
= o
(
1
λ
βik
ik
)
∀ i ∈ Bk such that (i, ik) 6∈ C˜.
The vector field W1 in V1(p, ε) will be a convex combination of W
j
1 , j = 1, ..., 4. From the
definitions of W j1 , j = 1, ..., 4 the only case where the maximum of the λi’s increase is
when ai ∈ B(yli , ρ), yli ∈ K
+, ∀ i = 1, ..., p, with yli 6= ylj , ∀ i 6= j. This conclude the
proof of proposition 3.2.
Proof of proposition 3.3. We divide the set V2(p, ε) into five sets.
V 12 (p, ε) =
{
u =
p∑
i=1
αiδaiλi ∈ V2(p, ε), yli 6= ylj ∀i 6= j, −
n∑
k=1
bk(yli) > 0,
λi|ai − yli| < δ, ∀i = 1, ..., p and ρ(yli, ..., ylp) > 0
}
.
V 22 (p, ε) =
{
u =
p∑
i=1
αiδaiλi ∈ V2(p, ε), yli 6= ylj ∀i 6= j, −
n∑
k=1
bk(yli) > 0,
λi|ai − yli| < δ, ∀i = 1, ..., p and ρ(yli, ..., ylp) < 0
}
.
V 32 (p, ε) =
{
u =
p∑
i=1
αiδaiλi ∈ V2(p, ε), yli 6= ylj ∀i 6= j, λi|ai − yli| < δ,
∀i = 1, ..., p, and there exist j (at least) such that −
n∑
k=1
bk(ylj) < 0
}
.
V 42 (p, ε) =
{
u =
p∑
i=1
αiδaiλi ∈ V2(p, ε), yli 6= ylj ∀i 6= j, and there exist j (at least)
such that λj |aj − ylj | ≥
δ
2
}
.
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V 52 (p, ε) =
{
u =
p∑
i=1
αiδaiλi ∈ V2(p, ε), such that there exist i 6= j satisfying
yli = ylj
}
.
We break up the proof into five steps. We construct an appropriate pseudo-gradient in
each region and then glue up via convex combinations. Let Z1 and Z2 be two vector fields.
A convex combination of Z1 and Z2 is given by θZ1+(1−θ)Z2 where θ is cut-off function.
Step 1: First, we consider the case of u =
p∑
i=1
αiδaiλi ∈ V
1
2 (p, ε), we have for any i 6=
j, |ai − aj | > ρ and therefore,
εij =
( 2
(1− cos d(ai, aj))λiλj
)n−2σ
2
(1 + o(1))
= 2
n−2σ
2
G(ai, aj)
(λiλj)
n−2σ
2
(1 + o(1)).
Where G(ai, aj) is defined in (1.5). Thus,
λi
∂εij
∂λi
= −
n− 2σ
2
2
n−2σ
2
G(ai, aj)
(λiλj)
n−2σ
2
(1 + o(1)).
Using proposition A.1 with β = n − 2σ and the fact that α
4σ
n−2σ
i K(ai)J(u)
n
n−2σ = 1 +
o(1) ∀i = 1, ..., p., we derive that〈
∂J(u), αiλi
∂δi
∂λi
〉
=
n− 2σ
2
J(u)1−
n
2
[
n− 2σ
n
c˜1
∑p
i=1 bk
K(ai)
n
2σ
1
λn−2σi
+ c1 2
n−2σ
2
∑
i 6=j
G(yli, ylj)(
K(ai)K(aj)
)n−2σ
4σ
1(
λiλj
)n−2σ
2
]
+ o
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij
)
.
Where c˜1 = c
2n
n−2σ
0
∫
R
n
|(x1)|
n−2σ
(1 + |x|2)n
dx. Hence, using the fact that
∣∣ai−yli∣∣ < δ, δ very small,
we get, 〈
∂J(u),
p∑
i=1
αiZi
〉
≤ −c tΛ M(yl1 , ..., ylp)Λ + o
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij
)
≤ −c ρ(yl1, ..., ylp) |Λ|
2 + o
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij
)
,
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where Λ = t
(
1
λ
n−2σ
2
1
, . . . , 1
λ
n−2σ
2
p
)
. HereM(yl1 , ..., ylp) is defined in (1.4) and ρ(yl1, ..., ylp) is
the least eigenvalue ofM(yl1 , ..., ylp). Using the fact that ∀i 6= j, we have εij ≤
c
(λiλj)
n−2σ
2
,
since |ai − aj | ≥ δ, we then obtain〈
∂J(u),
p∑
i=1
αiZi
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij
)
.
In addition, ∀i = 1, ..., p, we have λi|ai| < δ =⇒
|∇K(ai)|
λi
∼
|(ai)k|
β−1
λi
≤
c
λβi
. Thus, we
derive for W 12 :=
p∑
i=1
αiZi
〈
∂J(u),W 12
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Step 2: Secondly, we study the case of u =
p∑
i=1
αiδaiλi ∈ V
2
2 (p, ε). Let,
e = (ei)i=1,...,p an eigenvector associated to ρ(yl1 , ..., ylp) such that |e| = 1 with ei > 0
∀i = 1, ..., p. Let γ > 0 such that for any x ∈ B(e, γ) = {y ∈ Sp−1 s.t |y − e| ≤ γ}, we
have
txM(yl1 , ..., ylp)x ≤
1
2
ρ(yl1 , ..., ylp).
Two cases may occur.
case 1:
Λ
|Λ|
∈ B(e, γ), where Λ = t
( 1
λ
n−2σ
2
1
, . . . ,
1
λ
n−2σ
2
p
)
. In this case, we define W 22 =
−
p∑
i=1
αiZi. As in step 1, we find that,
〈
∂J(u),W 22 (u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
case 2:
Λ
|Λ|
/∈ B(e, γ). In this case, we define
W 22 = −
2
n− 2σ
|Λ|
p∑
i=1
αiλ
n
2
i
[ |Λ| ei − Λi
|Λ|
−
Λi < |Λ| e− Λ,Λ >
|Λ|3
]∂δaiλi
∂λi
.
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Using proposition A.1, we find that〈
∂J(u),W 22 (u)
〉
= −c|Λ|2
∂
∂t
(
tΛ(t)M Λ(t)
)
/t=0
+ o
( p∑
i=1
1
λn−4i
)
+ o
(∑
i 6=j
εij
)
.
Where M =M(yl1 , ..., ylp) and Λ(t) =
(1− t)Λ + t|Λ|e∣∣∣(1− t)Λ + t|Λ|e∣∣∣Λ. Observe that,
tΛ(t)MΛ(t) = ρ+
(1− t)2∣∣∣(1− t)Λ + t|Λ|e∣∣∣
(
tΛMΛ − ρ|Λ|2
)
.
Thus we obtain,
∂
∂t
(
tΛ(t)M Λ(t)
)
< −c and therefore we get,
〈
∂J(u),W 22 (u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Step 3: Now, we deal with the case of u =
p∑
i=1
αiδaiλi ∈ V
3
2 (p, ε).
Without loss of generality, we can assume that 1,...,q are the indices which satisfy−
n∑
k=1
bk(yli) <
0 ∀i = 1, ..., q. Let,
W˜ 12 =
q∑
i=1
−αiZi.
By proposition A.1 and (3.18), we obtain
〈
∂J(u), W˜ 12 (u)
〉
≤ −c
( q∑
i=1
1
λn−2σi
+
∑
i 6=j, 1≤i≤q
εij
)
.
Set
I =
{
i, 1 ≤ i ≤ p s.t λi ≤
1
10
min
1≤j≤q
λj
}
.
It is easy to see that, we can add to the above estimates all indices i such that i /∈ I.
Thus 〈
∂J(u), W˜ 12 (u)
〉
≤ −c
(∑
i/∈I
1
λn−2σi
+
∑
i 6=j, i/∈I
εij
)
.
If I 6= ∅, in this case, we write u as follows
u =
∑
i∈I
αiδaiλi +
∑
i/∈I
αiδaiλi = u1 + u2.
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Observe that u1 has to satisfy one of two cases above that is u1 ∈ V
1
2 (♯I, ε) or u1 ∈
V 22 (♯I, ε). Thus we can apply the associated vector field which we will denote W˜
2
2 . We
then have〈
∂J(u), W˜ 22 (u)
〉
≤ −c
(∑
i∈I
1
λn−2σi
+
∑
i 6=j, i∈I
εij +
p∑
i=1
|∇K(ai)|
λi
)
+O
( ∑
i 6=j, i/∈I
εij
)
.
Let in this subset W 32 = W˜
1
2 +m1W˜
2
2 , m1 be a small positive constant. We get,〈
∂J(u),W 32 (u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Step 4: We consider her the case of u =
p∑
i=1
αiδaiλi ∈ V
4
2 (p, ε).
We order the λi’s in an increasing order, for sake of simplicity, we can assume that
λ1 ≤ ... ≤ λp. Let λi1 = inf{λj s.t λj |aj| ≥ δ}. For m1 > 0 small enough, we need to
prove the following claim
〈
∂J(u), (Xi1 −m1Zi1)(u)
〉
≤ −c
( p∑
i=i1
1
λn−2σi
+
∑
j 6=i1
εi1j +
p∑
i=1
|∇K(ai1)|
λi1
)
.
Indeed, for i 6= j, we have |ai − aj | > ρ, thus in proposition A.2 the term
∣∣∣ 1
λi
∂εij
∂(ai)k
∣∣∣ is
very small with respect εij, hence,〈
∂J(u), Xi1(u)
〉
≤ −
c
λn−2σi1
(∫
R
n
bki1
|xki1 + λi1(ai1)ki1 |
β(
1 + λi1|(ai1)ki1 |
)β−1
2
xki1(
1 + |x|2
)n+1dx)2
+ o
( 1
λn−2σi1
+
∑
j 6=i1
εi1j
)
.
If i1 ∈ L1 in this case δ ≤ λi1 |ai1 | ≤M1, using elementary calculation, we have(∫
R
n
bki
|xki + λi(a1)ki|
β
(1 + λi|(a1)ki |)
β−1
2
xki
(1 + |x|2)n
dx
)2
≥ c > 0. (3.24)
Using (3.24) , we get
〈
∂J(u), Xi1(u)
〉
≤ −c
1
λn−2σi1
+ o
(∑
j 6=i1
εi1j
)
≤ −c
p∑
i=i1
1
λβi
+ o
(∑
j 6=i1
εi1j
)
. (3.25)
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From another part, we have by proposition A.1 and (3.18),〈
∂J(u), Zi1(u)
〉
≤ −c
∑
j 6=i1
εi1j +O
( 1
λn−2σi1
)
. (3.26)
Using (3.25) and (3.26) our claim follows in this case.
If i1 ∈ L2, using (3.3), we find〈
∂J(u), Xi1(u)
〉
≤ −c
(
1
λn−2σi1
+
|(ai1)ki1 |
β−1
λi1
)
+o
(∑
j 6=i1
εi1j
)
≤ −c
( p∑
i=i1
1
λn−2σi
+
|(ai1)ki1 |
β−1
λi1
)
+o
(∑
j 6=i1
εi1j
)
and by proposition A.1 and (3.3), we have〈
∂J(u),−Zi1(u)
〉
≤ −c
∑
j 6=i1
εi1j +O
( |(ai1)ki1 |β−2
λ2i1
)
.
Now using (3.21), we obtain〈
∂J(u), (Xi1 −m1Zi1)(u)
〉
≤ −c
( p∑
i=i1
1
λn−2σi
+
∑
j 6=i1
εi1j +
|(ai1)k|
β−1
λi1
)
≤ −c
( p∑
i=i1
1
λn−2σi
+
∑
j 6=i1
εi1j +
|∇K(ai1)|
λi1
)
,
since |∇K(ai1)| ∼ |(ai1)ki |
β−1 hence our claim is valid.
Now let,
I =
{
i, 1 ≤ i ≤ p s.t λi <
1
10
λi1
}
,
it is easy to see that〈
∂J(u), (Xi1 −m1Zi1)(u)
〉
≤ −c
(∑
i/∈I
1
λn−2σi
+
∑
j 6=i, i/∈I
εij +
|∇K(ai1)|
λi1
)
.
Furthermore, using (3.3), we have〈
∂J(u),
(
Xi1 −m1Zi1 +
∑
i/∈I, i∈L2
Xi
)
(u)
〉
≤ −c
(∑
i/∈I
1
λn−2σi
+
∑
i/∈I
|∇K(ai)|
λi
+
∑
i 6=j, i/∈I
εij
)
since for i /∈ I and i ∈ L1 we have
|∇K(ai)|
λi
≤
c
λβi
.
We need to add the remainder terms (if I 6= ∅). Let u1 =
∑
i∈I
αiδaiλi , ∀i ∈ I we have
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λi|ai| < δ, thus u1 ∈ V
j
2 (♯I, ε), j = 1 or 2 or 3, we can apply then the associated vector
field which we will denote W˜ 42 . We then have〈
∂J(u), W˜ 42
〉
≤ −c
(∑
i∈I
1
λn−2σi
+
∑
i 6=j, i,j∈I
εij +
∑
i∈I
|∇K(ai)|
λi
)
+O
( ∑
i∈I, j /∈I
εij
)
.
Let W 42 = Xi1 −m1Zi1 +
∑
i/∈I, i∈L2
Xi +m2W˜
4
2 , m2 is positive small enough, we get
〈
∂J(u),W 42 (u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
p∑
i=1
|∇K(ai)|
λi
+
∑
i 6=j
εij
)
.
Step 5: We study now the case of u =
p∑
i=1
αiδaiλi ∈ V
5
2 (p, ε).
Let,
Bk = {j, 1 ≤ j ≤ p s.t aj ∈ B(ylk , ρ)}.
In this case, there is at least one Bk which contains at least two indices. Without loss
of generality, we can assume that 1, ..., q are the indices such that the set Bk, 1 ≤ k ≤ q
contains at least two indices. We will decrease the λi’s for i ∈ Bk with different speed.
For this purpose, let
χ : R −→ R+
t 7−→

0 if |t| ≤ γ′
1 if |t| ≥ 1.
Where γ′ is a small constant.
For j ∈ Bk, set χ (λj) =
∑
i 6=j, i∈Bk
χ
(λj
λi
)
. Define
W˜ 52 = −
q∑
k=1
∑
j∈Bk
αj χ (λj) Zj.
Using proposition A.1 and (3.3), we obtain
〈
∂J(u), W˜ 52 (u)
〉
≤ c
q∑
k=1
[ ∑
i 6=j, j∈Bk
χ (λj)λj
∂εij
∂λj
+
∑
j∈Bk, j∈L1
χ (λj)O
( 1
λn−2σj
)
+
∑
j∈Bk, j∈L2
χ (λj)O
( |(aj)ki|β−2
λ2j
)]
.
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For j ∈ Bk, with k ≤ q, if χ (λj) 6= 0, then there exists i ∈ Bk such that
1
λn−2σj
= o(εij)
(for ρ small enough). Furthermore, for j ∈ Bk, if i /∈ Bk (or i ∈ Bk with λi ∼ λj), then
we have by (3.18),
λj
∂εij
∂λj
≤ −c εij and λi
∂εij
∂λi
≤ −c εij.
In the case where i ∈ Bk with (assuming λi << λj), we have χ(λj)− χ(λi) ≥ 1. Thus
χ (λj) λj
∂εij
∂λj
+ χ (λi) λi
∂εij
∂λi
≤ λj
∂εij
∂λj
≤ −c εij .
Thus we obtain〈
∂J(u), W˜ 52 (u)
〉
≤ −c
q∑
k=1
∑
j∈Bk
χ (λj)
(∑
i 6=j
εij +
1
λn−2σj
)
+
q∑
k=1
∑
j∈Bk,j∈L2
χ (λj)O
( |(aj)ki|β−2
λ2j
)
. (3.27)
We need to add the indices j, j ∈ C
(⋃q
K=1Bk
)⋃{
j ∈ Bk s.t χ (λj) = 0
}
. Let,
λi0 = inf{λi, i = 1, ..., p}.
We distinguish two cases.
case 1: there exists j such that χ (λj) 6= 0 and λi0 ∼ λj,
(
γ′ ≤
λi0
λj
≤ 1
)
, then we can
appear on the above estimate −
1
λn−2σi0
and therefore −
p∑
i=1
1
λn−2σi
and −
∑
k 6=r
εkr. Thus we
obtain〈
∂J(u), W˜ 52 (u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij
)
+O
( q∑
k=1
∑
j∈Bk, j∈L2
|(aj)ki|
β−2
λ2j
)
.
Now let,
W 52 = W˜
5
2 +m1
p∑
i=1
Xi,
using the above estimates with proposition A.2 and (3.21), we obtain〈
∂J(u),W 52 (u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij +
p∑
i=1
|∇K(ai)|
λi
)
.
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case 2: For each j ∈ Bk, 1 ≤ k ≤ q we have
λi0 << λj
(
i.e.
λi0
λj
< γ′
)
or if λi0 ∼ λj we have χ (λj) = 0.
In this case we define
D =
[{
i, χ (λi) = 0
}⋃
C
(⋃q
k=1Bk
)]⋂{
i,
λi
λi0
<
1
γ′
}
.
It is easy to see that i0 ∈ D and if i 6= j ∈
{
i, χ (λi) = 0
}⋃
C
(⋃q
k=1Bk
)
we have
ai ∈ B(yli, ρ) and aj ∈ B(ylj , ρ) with yli 6= ylj . Let,
u1 =
∑
i∈D
αiδaiλi ,
u1 has to satisfy one of the four subsets above, that is u1 ∈ V
j
2 (♯I, ε) for j = 1, 2, 3 or 4.
Thus we can apply the associated vector field which we will denote Y and we have the
estimate
〈
∂J(u), Y (u)
〉
≤ −c
(∑
i∈D
1
λn−2σi
+
∑
i∈D
|∇K(ai)|
λi
+
∑
i 6=j, i,j∈D
εij
)
+O
( ∑
i∈D, j /∈D
εij
)
.
Observe in the above majoration we have the term −
1
λn−2σi0
, thus we can make appear
−
p∑
i=1
1
λn−2σi
. Now concerning the term −
∑
i 6=j
εij, if i ∈ D and j ∈
CD, observe that,
CD =
{
i,
λi
λi0
>
1
γ′
}
∪
[{
i, χ (λi) 6= 0
}
∩
(
∪qk=1 Bk
)]
,
we have two situations: either j ∈
[{
i, χ (λi) 6= 0
}⋂(
∪qk=1 Bk
)]
, then we have −εij in
the estimates (3.27) or j ∈
{
i,
λi
λi0
>
1
γ′
}
, we can prove in this cases that |ai − aj | ≥ ρ.
Thus
εij ≤
c
(λiλj)
n−2σ
2
<
cγ′
n−2σ
2
(λi0λi)
n−2σ
2
= o(εi0i) (for γ
′ small enough).
Thus we derive,〈
∂J(u), (W˜ 52 +m1Y )(u)
〉
≤ −c
(∑
i∈D
|∇K(ai)|
λi
+
p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij
)
+
q∑
K=1
∑
j∈Bk, j∈L2
χ(λj)O
( |(aj)ki |β−2
λ2j
)
,
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and hence, by (3.21), we have〈
∂J(u),
(
W˜ 52 +m1Y +m2
∑
i=1, i∈L2
Xi
)
(u)
〉
≤ −c
( p∑
i=1
1
λn−2σi
+
∑
i 6=j
εij +
p∑
i=1
|∇K(ai)|
λi
)
,
for m1 and m2 two small positive constants. In this case we denote
W 52 := W˜
5
2 +m1Y +m2
∑
i=1, i∈L2
Xi.
The vector field W2 in V2(p, ε) will be a convex combination of W
j
2 , j = 1, ..., 5. This
conclude the proof of proposition 3.3.
Corollary 3.6 Let p ≥ 1. The critical points at infinity of J in V (p, ε) correspond to
(yl1 , ..., ylp)∞ :=
p∑
i=1
1
K(yli)
n−2σ
2
δ(yli ,∞),
where (yl1, ..., ylp) ∈ P
∞. Moreover, such a critical point at infinity has an index equal to
i(yl1, ..., ylp)∞ = p− 1 +
p∑
i=1
n− i˜(y).
4 Proof of Theorem 1.1
Using corollary 3.6, the only critical points at infinity associated to problem (1.1) corre-
spond to w∞ = (yi1, ..., yip) ∈ P
∞. We prove Theorem 1.1 by contradiction. Therefore,
we assume that equation (1.1) has no solution. For any w∞ ∈ P∞, let c(w)∞ denote
the associated critical value at infinity. Here we choose to consider a simplified situation
where for any w∞ 6= w
′
∞, c(w)∞ 6= c(w
′
)∞ and thus order the c(w)∞’s, w∞ ∈ P∞ as
c(w1)∞ < ... < c(wk0)∞.
For any c ∈ R, let Jc = {u ∈ Σ
+, J(u) ≤ c}. By using a deformation lemma (see [6]), we
know that if c (wk−1 )∞ < a < c (wk )∞ < b < c (wk+1 )∞, then
Jb ≃ Ja ∪W
∞
u (wk)∞, (4.1)
Here W∞u (wk)∞ denote the unstable manifolds at infinity of (wk)∞(see [4]) and ≃ denotes
retracts by deformation.
We apply the Euler-Poincare´ characteristic of both sides of (4.1), we find that
χ(Jb) = χ(Ja) + (−1)
i(wk)∞ , (4.2)
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where i(wk)∞ denotes the index of the critical point at infinity (wk)∞. Let
b1 < c(w1)∞ = min
u∈Σ+
J(u) < b2 < c(w2)∞ < ... < bk0 < c(wk0)∞ < bk0+1.
Since we have assumed that (1.1) has no solution, Jbk0+1 is a retard by deformation of Σ
+.
Therefore χ(Jbk0+1) = 1, since Σ
+ is a contractible set. Now using (4.2), we derive after
recalling that χ(Jb1) = χ(∅) = 0,
1 =
k0∑
j=1
(−1)i(wj)∞ . (4.3)
So, if (4.3) is violated, then (1.1) has a solution. This complete the proof of Theorem 1.1.
A Appendix A
This appendix is devoted to some useful expansions of the gradient of J near a potential
critical points at infinity consisting of p masses. Those propositions are proved under
some technical estimates of the different integral quantities, extracted from [3] (with
some change). In order to simplify the notations, in the remainder we write δi instead of
δ(ai,λi).
Proposition A.1 Assume that K satisfies (f)β, 1 < β < n. For any U =
p∑
j=1
αjδj in
V (p, ε), the following expansion hold
(i)
〈
∂J(U), λi
∂δi
∂λi
〉
= −2c2J(u)
∑
i 6=j
αjλi
∂εij
∂λi
+ o
(∑
i 6=j
εij
)
+ o
(
1
λi
)
,
where c2 = c
2n
n−2σ
0
∫
R
n
dy(
1 + |y|2
)n+2σ
2
.
(ii) If ai ∈ B(yji, ρ), yji ∈ K and ρ is a positive constant small enough , we have〈
∂J(U), λi
∂δi
∂λi
〉
= 2J(u)
[
− c2
∑
j 6=i
αjλi
∂εij
∂λi
+
n− 2σ
2n
c
2n
n−2σ
0 β
αi
K(ai)
1
λβi
n∑
k=1
bk
×
∫
R
n
sign
(
xk + λi(ai − yji)k
)∣∣∣xk + λi(ai − yji)k∣∣∣β−1 xk(1 + |x|2)ndx
+ o
(∑
j 6=i
εij +
p∑
j=1
1
λβj
)]
. (A.1)
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(iii) Furthermore, if λi|ai − yji| < δ, for δ very small, we then have
〈
∂J(U), λi
∂δi
∂λi
〉
= 2J(u)
[
n− 2σ
2n
β c3
αi
K(ai)
∑n
k=1 bk
λβi
− c2
∑
j 6=i
αjλi
∂εij
∂λi
+ o
(∑
j 6=i
εij +
p∑
j=1
1
λβj
)]
, (A.2)
where c3 = c
2n
n−2σ
0
∫
Sn
|x1|
β
(1 + |x|2)n
dx.
Proposition A.2 Under condition (f)β, 1 < β < n, for each U =
p∑
j=1
αjδj ∈ V (p, ε), we
have
(i)
〈
∂J(U),
1
λi
∂δi
∂ai
〉
= −c5J(u)
2α
n+2σ
n−2σ
i
∇K(ai)
λi
+O
(∑
i 6=j
1
λi
∣∣∂εij
∂ai
∣∣)
+ o
(∑
i 6=j
εij +
1
λi
)
,
where c5 =
∫
R
n
dy(
1 + |y|2
)n .
(ii) if ai ∈ B(yji, ρ), yji ∈ K, we have〈
∂J(U),
1
λi
∂δi
∂(ai)k
〉
=
− 2(n− 2σ)c
2n
n−2σ
0 α
n+2σ
n−2σ
i J(u)
2 1
λβi
∫
R
n
bk
∣∣xk + λi(ai − yji)k∣∣β xk(
1 +
∣∣x∣∣2)n+1dy
+ o
(∑
i 6=j
εij
)
+ o
( p∑
i=1
1
λβi
)
+O
(∑
i 6=j
1
λi
∣∣∂εij
∂ai
∣∣),
where k = 1, ..., n and (ai)k is the k
th component if ai in some geodesic normal coordinates
system.
Proposition A.3 Let n ≥ 2. Suppose that K satisfies (f)β, with 1 < β < n. There
exists c > 0 such that the following holds
‖v‖ ≤ c
p∑
i=1
[
1
λ
n
2
i
+
1
λβi
+
|∇K(ai)|
λi
+
(log λi)
n+2σ
2n
λ
n+2σ
2
i
]
+ c

∑
k 6=r
ε
n+2σ
2(n−2σ)
k r
(
log ε−1kr
)n+2σ
2n
, if n ≥ 3
∑
k 6=r
εk r
(
log ε−1kr
)n−2σ
n
, if n < 3.
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